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We have already seen that there are

two inequivalentR points , and theseare

the disac points , namely where the CB

and the VB touches each other.

The Hamiltonian we have solved for graphene
is H = - + I(xa" ; B+ h)
, ij)A
Ea·
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were (h) = in the
Block Hamiltonian

h() = (1) -F+ do () :5

form Brilloin zone -> real space
dx() = - + I crs(E5j)

j = 1
,
2
, 3

dy(() = + + I sin (8j)



& (E) = 0 => very important consequence

Ex =I+d)

① I - two bands as unit cellhne

two atoms. R3

② .

two valley >and i
K k

simply because a triangular
ve

K

v Ka

-

lattic has a hexagonal Callie in -space.

all the three k

pointsanconnede
the

by rectors

③ charge nentral graphene means
chemical polential is at EF = 0

The conduction and valence band

touches at the and 1 points,

dispension is linear and all the
physics is happening there.



she wave func for Block hamiltonian

un= of Asendspin
The wave funct in graphene interm

of their magnitude are same on t and

B'subballises but there is a relative

phase O betem 't' and & sublattice.

-
as we go around the

' pointsthe the

phase evolves by 25.
K

and this tells us &
the Dirac point
is singular as ②
the phase is not

KI

well defined .



The other important to moti is that

the evolution of8 around K and K

are completely opposit.

so we can define as at k we have

vortex of the phase and at the K
we have anti vortex of the phase.

This is where topology entire graphone
and the singularity at the Dirac points
and roctas and antivortex some how

protict this singularity.

We are only interested in mean

Disc print physics only
So
,
we are very close to theK print

E + 5
,
where IR/(EI

/da() = - + I (s (5) + th [8; sin (j)
ju = 1
;23 j = 1

,
2
,3

dy (R) = + I sinX) + +h Cos()
j = 1,

2
,
3 j = 1,2,3

Taylor series expansion drops

the terms at '5



basis transformation
I = R

-na S

unitrector rotated by M3.
define Fermi velocitypf =

Hamiltonian in the new basis.

H = + (kx(x + ky(y) K point

C
E He' = ho (Par-Ryty) point

implies at point the and R

both goes in same direction say

clockwise , while at it will be

anticlockwise . ↑
:
. (Ma+ 5) , =

= 11 Fas

We have Dirac point , but why ?
Let's discuss the symmetry :

Inversion/C2E, symmetry came for 2D .

Graphene has inversionsymmetry

A I = -jb<
I Cjpl" = C-j > A



&

c
=[ I (E = JxC ;

It=eie; ICI = E Enn

i -> - E

H = I I
"

= I [ch() = I rh()Nu
T E

possible if for every

h() - rsh( -R) Ox
Inversionsymmetry puts come constraints
on our J(K) rectors.

dx() = du)k)

dy (5) = -dyEE) [as oanticomment
a

dz(k) = -dz( )
for graphene.

dx() = - + I cos(a))Ian symmetric in
j = 1
,
2
,3

(2) = z [sin(5; )
j = 1 , 2, 3

-

antisymmetric in h



: Graphene has inversion symmetry.

Let's look at time reversal symmetry
(spinless for now) ·

Ti = -i T = K Complex
enjngali

↑ cit" = C : (local operativ c)

but if we operati on a local operator
which has explicit momentum .
↳" = E [inte-imm]

If we require
THIT' = H

Then must h (R) = * (k) for every a

This will give no different set of constraints

des(n) = dx(- )

dy(5) = - dy( -R)

dz(E) = de (E) different from the
Inversive constraint

Let's exe what all the consequence
can this explain the presence of
Dirac point



It turns out in 2D genericall there.
should not be any diracpoint , unless

protected by symmetry.

The Dirac print has to be fine turned
in 2D.

T
Cz()

dz
dz

dy

II
dy

F-- dx
dx

&

&Ry --d KK K
! K

So
, separately they do not protect

But under both C -> C2 X ↑

toJaz gurantees
- de

dz = O&

& --da -
& it fixes Ale·K- -

E vertur .↓

Hence we have Diverpoint



3. if we cat symmcly the the dirapt.
is destroyed.

How to do that , well we can use

a substrati h BN (hexagonal Boron

Nitride) also a huxagonal lattice,
and

N Bo as ' and is will[ I not have same

B /B environmen
t

N

It will open a gap at the Diracpoit.

hx = 50 -8]

E1 =I

effective mus m = /F
Is this enough for topological effect ?

Semodel addition to dynamic
wit can

accuirege
phase ,

a geometric
S Phase
->

> v = 0 Ad

A(5) = i <un/n/Un)



Barry's currative (E) =Ex

One special trajectory that is for entire BE

C= de = o chermea

~O Topological
The bands in graphene are trivial

asK and i has oppositi th , so
when integrated over entire B7 C= 0.

Let's add 2nd nearest neighbour
M

↳zei9
- i

A
we acquire a phone - BB

-L -O over all zerod
magnetic flue 31#

? A

for s oppositi orientation

Point to note that this interaction

add diagonal term in the H.

that is it adds man .(in away).

if calculated properly , one can show

that de(R) will have differentman
term for the K and is valleys.



Twisted bilayer graphene.
-

Moire" pattern coming from the missalignment

31mm
-
-

a
!

= 14 A

& O-8 ↑a
an Do 19 : 1 = Po=
O toLO ↳ The new periodicityK

allows scattering00 related to the resipical
Dattice vectors .

There are mini.B7

g bottom

EOal
al 91 - 9 , y = A , mtop I↑[garsane if O is small

this is small.



Also we can decouple this regine of momention

space from the original i vally of graphone

The original K , I can be raided as internal

degree of freedom.

9
, m
= 2 = 1 = v AO

low energy TBG is similar to low

energy of graphim

Al·
b - bottom graphers

O
- E

- top graphene.

KR I Important point is.④ O inequivalent91

D ④
all the Dirac points

t
have same chirality

i. e explicitly TRS is broken ,

However, as this is locally broke , the C27
is still there

,
so that will protect the

vorticity of Divac points.

Let's look at the coupling of the top
and

the bottom layer, Let's look at important
energy scales

- of ko T momentum space
eparation of came
chirality



additional . between they , coupling

/ two layes , will open a gap decided

7 by how much tunneling is allowed

One energy scale decides tunneling between diff
maire unit celle in same layer.S

between the two largers.

I second energy scales decidestunneling between

top and the bottan layer.

i . e. There can be a resonance condition ,that

may appear. if and when the energy scale

are comparable.

As no increases and becomes comparable to

moire energy scale , tum this bands are

going to flatten out and the electrons can

actually completely freeze !
2010 PNAS
-

Magic angle - where the effective velocity of
Disc fermion goes

to
zero.

There are series of angle (Rending arigment)

H( +↑2) T() +(a) O In momentum spaceO

&- OO O

T)L
H(r) again.

O O O

& O



Here scattering is now possible between
black' to blue' inmomentum space .

so
,
we have to me momention dependent

hopping mation T(9)

H(k(q) = hu + (k + b) .

+ (4 .0) = IT; (8 -9 , a; + 80 = 0 ,9))
-

j = 1
,
2
,
3

scattering between 20's
separated by a;

Suspice 5 Wa( Sin y e

for graphe naturally AB stacking is faround
known as Bernal stacking.
So
, naturally 'AA' regim will shrink

a bit andHis regions will grow a bit

and the top and bottom layers will

get abit closer between the AA and AB

regions. In real system WAR) WAA

But the reading assignment paper hasWABWAA

We can again diagonalize this hamitonian
and the band structure can be found .



Fisheite
X = a
+ 0

If WAA and WaB taken realisticallyare

then W WAR = 0 .95WAD

realistic .

-i

A !-
K

↑ is
-

Let's compare with single layer graphene.

in graphene by breaking[27 symmetry
the Kis can be gapped.
2 S
~ & Breaking time

T
-

c=1/2
reversal symmetr

* * Mx = -Mk

opposite manst C = # 1 Haldane



But in twisted bilayer graphers.
ed & the chirality is same

~ ~ for both valleys
So breaking (2 symmetry

- n
c = 11

anomolons Hall effect

comparison with HE
-

AB effect
#B
G 00 = ExBxAre

00 = 2 defines new
mitcell

magnetic length 110m
87T

OTHE is new insulating state when density

in commensurativ with magnetic unit cell.

Maire v
=
(x) = sin[(k = 8)x]u-

nur
V
+
(x) + v - (x) = 200s (8n) sin (mx)

superlattice with she .

approximati period
Amrire=



4 = ~Eal2Rising o

Iki)~
attice

if a lattice 0.Bum

O 150

Amoire = cattice ~ 10nm .

O

Just as magnetic field modifies the
Kinetic energy of free electrons,
main modifies E(R)

=> flat bands with small minetic
energy- strong correlation.

many possible combinations
& paramelin

new physic !

I + ~ 10m EV

T ne = 1 ==A
-

-a fro 10 elebenJunF -
(10m)

= 103/mitcell
length scale of 10um ?




